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SUMMARY 
Polymer Matrix Composites (PMCs) are an important material for many advanced 
applications due to their potential to combine critical mechanical properties with a high 
strength-to-weight ratio necessary for advancing automotive and aerospace applications.  
Such materials have been studied extensively for their bulk properties as well as the 
properties of their individual components.  However, there remains an intermediary 
lengthscale on the order of the arrangement of the reinforcing phase which has yet to be 
satisfactorily characterized.  Understanding the properties of this intermediary lengthscale 
is critical to the development of multi-scale models with predictive capabilities.   
To address this need, the use of instrumented indentation on a lengthscale 
appropriate to the material system presents itself as a viable solution.  Indentation is 
uniquely suited to such an implementation due to its inherent ability to conform to the 
lengthscale of testing needed and its high throughput nature.  Recent advancement in the 
data analysis protocols for spherical indentation has allowed for the extraction of stress-
strain curves from the load-displacement data resulting from indentation tests in a variety 
of materials including single and polycrystalline metals, natural materials and polymers.  
The goal of this thesis is to extend these protocols to address the unique challenges 
presented by their application to polymer matrix composites.   
For this purpose, two disparate materials systems have been chosen to develop the 
protocols.  One is a laminate composite system made from carbon fibers embedded in an 
epoxy matrix.  Here the intrinsic variation within a single ply is tested within the laminate 
composite.  The second material system is a nano-composite composed of multi-walled 
 xiv 
carbon nanotubes (CNTs) in a polypropylene matrix.  Here the variability in properties due 
to the presence of agglomerates of the CNTs will be explored.  Application to these two 
different material systems will demonstrate the applicability of these protocols for 







CHAPTER 1. INTRODUCTION 
At its most basic, a composite is a solid material made up of two or more distinct 
solid components or phases.  To make useful composites, the two primary phases are 
chosen such that their properties complement each other to make a composite with 
combined properties.  For structural composites, the two main components are typically 
called the matrix and the reinforcement.  The matrix can be a variety of materials such as 
metal matrix, ceramic matrix or polymer matrix composites.  For the purpose of this thesis, 
the focus will be on polymer matrix composites because of their wide range of applications.  
The polymer matrix serves to bind the reinforcement together as well as additional 
properties such as chemical resistance.  The reinforcing phase typically enhances the 
composites mechanical properties such as modulus and yield point.  Depending on the 
application other properties such as thermal or electrical conductivity or resistivity may be 
contributed by one or the other of the phases.  Varying the type and arrangement of the two 
phases leads to a wide variety of potential composites which can be tailored to the specific 
needs of various applications.  
1.1 Applications of Polymer Matrix Composites  
Composites are the most promising lightweight materials suitable for material substitution 
leading to weight reduction. For the near future, it is expected that today’s average 900 kg 
of steel and other metals can be lowered to 600 kg per car through substitution by 
composites and hybrid solutions [1].  For example, the all-electric BMW i3 car with an all-




manufacturing benefits over cars with metal bodies [2, 3].  In many ways, the drivers for 
production of lightweight airplanes are similar to those for car manufacturers.  Reduced 
weight leads to decreased fuel consumption and greenhouse emissions.  For example, in 
the aerospace industry, PMCs account for half (by weight) of the primary structure of the 
new Boeing 787 and are thought to be responsible for the 20-30% reductions obtained in 
the fuel use and CO2 emissions when compared to the conventional mostly aluminum 
aircraft [4-6].  A variety of different fiber and matrix combinations lead to polymer matrix 
composites to be popular choices for such substitutions.  For example, glass, carbon, Kevlar 
and natural fibers have all been used for automotive applications as the reinforcing material 
[7].  Matrix materials include a variety of both thermoplastics, such as polypropylene, and 
thermosets, such as various epoxies, depending on the application requirements.  The 
choice of material combination also depends on other design parameters such as 
manufacturability, but many combinations provide significant weight savings compared to 
traditional metals while maintaining the mechanical properties required for their 
applications. 
Composites are also suitable choices for a variety of applications due to the large variety 
of different types and their adaptability.  For example, there are a wide variety of different 
fiber architecture types.  Some of the most common are textile structures (weave, knitted 
etc.), short fiber composites, long fibers composites and continuous fiber composites which 
are usually laminate systems.  The choice of fiber architecture is often dependent on the 
expertise and access to equipment of the designer.  Structurally, the ability to choose the 




the final product can be tailored through control of the arrangement of the components of 
the composite which will be hereafter referred to as the microstructure.   
Composites containing a component with at least one dimension on the nano-scale (nano-
composites) also present a unique opportunity for tailoring of material properties such as 
conductivity or chemical resistance or reactivity.  Such composites have been used in a 
wide variety of applications.  Often, carbon nanotubes are used in these applications due 
to the high level of property enhancement which can be achieved with even small ratios of 
reinforcement to the matrix.  In addition, nano-composites have specific advantages in 
formability and manufacturability if the dispersion of the reinforcing phase can be 
controlled. 
1.2 Length Scales of Composite Materials 
An important feature of composites that makes them more able to be tailored to specific 
applications is the hierarchical nature of these materials.  For materials, hierarchy refers to 
the complexity of the materials at various length scales which contribute to the overall 
properties of the materials.  Composites have details on different length scales which 
contribute to the overall properties and performance of the material.  Figure 1 shows an 
example of a multi-laminate composite with three primary levels of hierarchy.  At the 
highest level of complexity, the sample is made of many individual lamina with different 
orientations of the fibers.  The second level of complexity is the variation within each of 
the individual lamina as shown in the central image.  This variation includes such variable 




from the center of the lamina create variation within a single ply.  The lowest level of 
complexity is at the level of the individual fibers and the matrix.  The third image in Figure 
1 shows an individual fiber surrounded by matrix.  At this level, the properties of the 
individual components and the interactions between them affect composite performance.  
Measures such as adhesion, interfacial strength, and pull-out energy would be measured to 
characterize the composite at this lengthscale.  There are a variety of testing methods for 
characterizing the first and last lengthscales as will be discussed in the next chapter.  
However, the intermediate lengthscale requires additional protocols for extraction of the 
mechanical properties.   Typically, this length scale is characterized on average by creating 
unidirectional plies and using the same testing methods that are used on the macroscale.  
However, the problem with this approach is that the properties of the ply within the 
composite are not necessarily the same as those in a unidirectional ply.  This discrepancy 
is usually the result of the local conditions during processing.  In addition, there is a high 
degree of variability in the local structure at this lengthscale.  Assuming a single property 
Figure 1: Hierarchical multi-layer laminates. A) Illustrates the highest lengthscale involving 
multiple plies.  B) Shows the arrangement of multiple fibers within a single ply and C) Shows the 




for each ply leads to an incomplete understanding of the material hampering efforts to 
create multi-scale models of these materials.  Therefore, the development of protocols for 
investigating the local variance in properties at this length scale has value for improving 
such efforts.    
1.3 High-Throughput Testing 
If we are to be able to characterize the variance in properties at the length scale of interest, 
it is necessary to be able to perform multiple tests at this lengthscale in a short period of 
time.  By doing so, a variety of local conditions can be examined.  Such testing protocols 
are known as high-throughput testing protocols.  An early example of high-throughput 
testing was demonstrated in the drug discovery industry where tests were developed to test 
a variety of chemical combinations simultaneously.  In order to test mechanical properties 
in a high-throughput manner, two conditions must be met.  The first is that there must be a 
Figure 2: Optical image of laminate composite overlaid with a grid of testing points for 
high throughput testing.  The variety of local conditions present in a laminate composite 




variety of conditions present in a relatively small volume for testing.  For this condition, 
laminate samples are ideal for testing as each ply will have different conditions and 
conditions will vary along the length of the ply.  Testing can proceed on a grid such as the 
one shown in Figure 2.  
The second requirement for high-throughput testing is a testing method where the tests can 
be performed and analyzed rapidly.  Indentation testing is a good candidate for such a 
testing method.  Many tests can be done in the same sample which decreases the amount 
of time that it takes to prepare samples.  Also, depending on the chosen settings, indentation 
tests can take approximately 30 seconds to a few minutes for each test to be performed.  
Dozens of tests can be performed on a single sample very rapidly.  The analysis takes a 
little bit longer than the analysis for bulk methods such as the tensile test, but progress has 
been made toward automating parts of the process.  As a result, the overall time to perform 
and analyze the test is significantly reduced compared to traditional tests.  For this reason, 
tensile testing can be considered a viable high-throughput option.   
1.4 Objectives 
The objective of this work will be to develop high throughput testing protocols for use in 
testing polymer matrix composites at multiple scales with a focus on the length scales 
corresponding to the arrangement of the reinforcements. This testing method will be 
intended to the high throughput so as to allow for rapid testing of a variety of potential 
conditions.  High throughput testing will also allow for characterization of the variance in 




properties at the local scale.  This thesis will investigate the difficulties particular to 
indentation testing on polymer matrix composites so as to adapt the protocols for use on 
such materials.  
The second objective of this thesis will be to apply the newly developed protocols to two 
different kinds of PMCs.  The first will be a laminate composite such as the one pictured 
in Figure 1 where layers of fibers embedded with the matrix will be stacked on top of each 
other at various angles.  The second material system will be a nano-composite made with 
carbon nanotubes.  These two material systems were chosen because they are both well-
characterized on the macro scale and represent two very different material systems.  These 
applications will serve to validate the protocols that have been developed in this work. 
Chapter 2 will give a background of various models and testing methods which have been 
used to characterize composites in the literature.  In addition, it will give some background 
on methods of determining material properties from the load-displacement data gathered 
from indentation tests.  Chapter 3 will focus on the use of spherical indentation protocols 
for evaluating the local properties of composites.   Chapters 4 and 5 will present the results 
of applying these protocols to carbon fiber/epoxy laminates and polypropylene/carbon 
nanotube composites respectively.  The final chapter will present concluding remarks and 




CHAPTER 2. BACKGROUND 
 In order to understand the nature of composite materials and how they will react in 
various use conditions, a combination of models and experiments have been used 
successfully.  Models have limitations in the need for validation and usually limited 
applicability to a single architecture and/or shape.  Experiments, on the other hand, require 
less validation (although the interpretation of the results may need initial validation) but 
are usually limited by physical factors such as the shape of the tested sample or the time 
and material it takes to create and test samples.  An ideal system would create models 
which are then validated by experiments at various lengthscales.   
2.1 Composite Models 
There are a variety of models that have been used to simulate the mechanics of the 
composite materials.  These models range from simple analytical models to complex finite 
element simulations.  Perhaps the simplest of the analytical models is the Rule of Mixtures.  
The rule of mixtures defines equations for the calculation of two moduli, the modulus in 
the fiber direction (𝐸1) and the modulus transverse to the fiber direction (𝐸2) [8].  The 
equation for the first is shown in Eq. 1 and represents the upper bound of possible moduli 
based on an isostrain assumption.  Conversely, the value for the modulus for the transverse 
direction found in Eq. 2 has been determined to be a lower bound on the possible modulus 
values when compared with experimental results and is calculated using an isostress 
approximation.   In these equations 𝐸 refers to the elastic modulus of the material and 𝑉 to 




 𝐸1 =  𝐸𝑓𝑉𝑓 +  𝐸𝑚𝑉𝑚 (1) 
 
𝐸2 =  
𝐸𝑓𝐸𝑓𝑚
𝑉𝑚𝐸𝑓  +  𝑉𝑓𝐸𝑚
 (2) 
   
From these simple bounds, many modifications have been made.  One of the most well-
known and employed is the Haplin-Tsai equations.  These equations are helpful forms of 
Hill’s generalized self-consistent model [8].   This model assumes that the materials are 
homogeneous and transversely isotropic about the fiber direction.  Equations 3 and 4 are 
formulations of the Haplin-Tsai equations as they pertain to the elastic modulus.  These 
equations can be derived for other material properties (bulk modulus, shear modulus, etc.) 
but are not considered here.  These equations employ the same naming conventions as 
above with the addition of 𝑑 corresponding to the diameter of the fibers and 𝑙 the average 
length. 
 



















In addition to these models, there are other analytical models that have been developed to 




theory[9] and variations thereof[10].  However, all of these approaches are designed for 
short fiber composites with specific volume fractions and cannot be used accurately for 
systems outside of this range. 
Laminate type composites have their own set of methods for predicting the properties of 
the composite.  The most commonly used analytical method is Classical Lamination 
Theory[11].    Some of the models are applicable to multiple types of textiles but most are 
restricted to a specific material geometry. 
Many finite element models have also been constructed to determine the properties of 
various fiber architectures.  Such models have been designed to determine a variety of 
material properties including elastic modulus[12-14], thermal conductivity [12, 13] 
delamination[15], failure [16, 17] and interphase properties[18].  Most of these models 
have been designed from random perturbations of the structure from microstructural 
features such as volume fraction and fiber length distribution.  However, some of these 
constructs have been designed based on the actual microstructure.  One method of doing 
this is to mesh the structure according to the voxels such that each voxel becomes an 
element in the mesh and the corners are nodes.  However, this method has the drawbacks 
of creating a large number of elements and potentially jagged interfaces.  Instead, some 
researchers have developed means of using the microstructure images as source data for 
creating a mesh that approximates the microstructure[19].  This approach combines pixels 
in non-critical areas to decrease the mesh size and smooths the interfaces between the 
components of the microstructure.  These approaches have proven effective in glass fiber 




What many of these models have in common is some level of homogenization is assumed.  
Usually, this homogenization occurs at the level of the organization of the individual fibers.  
For example, many of the above-mentioned models assume that the fibers are evenly 
spaced on a grid.  However, depending on the processing methods and conditions there can 
be a large amount of heterogeneity at this lengthscale.  As a specific example, there often 
is a significant variation in the local mechanical properties between the regions near the 
center and near the edge of the plies (i.e., single laminates), attributable to the differences 
in the fiber packing density as well as the geometry and chemical compositions of the 
interphase regions. This variance is often a natural consequence of the details of the 
processing conditions employed in the manufacture of the multi-laminate composite 
systems. New test protocols that can quantify the variance in local mechanical properties 
at the scale of multiple individual fibers within a single laminate can not only provide new 
insights into the overall composite response but also provide critically needed guidance for 
fine-tuning the manufacturing conditions leading to improved performance of the 
manufactured final product.  Such testing protocols could also be used on a variety of other 
types of polymer matrix composites to give insight into the local properties even when the 
local structure is not easily measured under the conditions in the product.  For example, 
oftentimes the arrangement of components in a nano-composite can only be seen at a 
fracture surface.  Testing protocols to determine the properties at a local scale could offer 
insight into the variation at the local scale in these materials.  




Most of the currently explored models for effective properties of multi-laminate systems 
employ homogenization at two levels of hierarchy in the material structure – one at the 
level of a single laminate (i.e., individual fibers in more or less a single orientation 
embedded in a matrix) and the other at the level of multiple laminates [21-24]. Such 
modeling efforts critically need appropriate experimental measurements for validation as 
well as refinement.  Indeed, there currently exist a number of well-established test protocols 
for measuring properties at the level of individual fibers (e.g., tensile tests on fibers [25], 
fiber pullout [26]) and at the macroscale (e.g., tension tests [27], compression [28], bending 
tests [29], interlamellar fracture tests [30]). Some of these tests such as tensile and 
compression can apply to a wide variety of composite systems while some are such as 
interlamellar fracture tests are specific to a type of composite, in this case, laminar 
composites.  However, there currently exists a large gap in testing protocols between the 
macro level and the level of individual components.  This is the level of collections of 
components such as a single laminate in a multi-laminate system.  More specifically there 
is a critical need to understand the inherent variance in the local mechanical properties at 
the level of multiple individual fibers in a single laminate of a multi-laminate system.  In 
other composites, this gap exists as well such as the agglomeration of nano-reinforcement 
in a nano-composite. 
2.2.1 High Throughput Testing 
From a practical viewpoint, it is also important to seek high throughput test protocols for 
measuring the variance in the local properties as one should anticipate the need to conduct 




results with acceptable statistical significance.  High throughput techniques also have the 
potential to be used to map the variance in properties in the nano-composites.  Indentation 
techniques have been widely used in prior literature for establishing the local properties at 
a different location in a manufactured final product [31, 32]. Instrumented indentation is a 
test method to probe the mechanical properties of a material by pressing into the material 
with a tip of a specified geometry and measuring the load and displacement response.  From 
the response, the material properties can be determined.  Indentation testing offers many 
advantages in characterizing the mechanical response of materials at different material 
length/structure scales.  Various forms of indentation testing have been used to explore the 
properties of composites in literature. 
2.2.2 Indentation for Interfaces 
One significant use of indentation techniques in polymer matrix composites is to examine 
the interfaces between the reinforcement and the matrix.  This is done in two primary ways 
at different lengthscales.  The first is to use an indenter to push on individual fibers and 
using the response to measure the interface shear strength.  Several researchers including 
Desaeger and Verpoest [33] have used indentation techniques in this way.  Indentations 
were performed in the center of fibers embedded in the matrix.  This had the advantage of 
being able to test fibers with the confinement caused by other fibers surrounding it, unlike 
fiber pullout tests.  Indentations were performed on the fibers and optical processing was 
used to determine if debonding had occurred.  Then they determined the debonding load 
which was defined as the load at which a debonding crack had a 50% chance of occurring.   




debonding load.  There was no indication in the load-displacement data to show that 
debonding had occurred.  This observation suggests the need for protocols which can 
transform the load-displacement curve into a stress-strain curve.  Recognizing the need to 
identify the debonding in the mechanical data (as opposed to the image data) Kharrat et.al. 
[34] attempted to separate the influence of the compression by the matrix from the elastic-
plastic response in the load-displacement data.  As a result, they were able to determine the 
debonding load without the need to perform multiple tests at varying loads.  This 
determination was important as it allowed them to determine the debonding load more 
precisely using less experimental tests.  However, both of these efforts were hampered by 
the use of sharp indenters which often caused fiber splitting.   
In addition to interface properties indentation has also been used to determine the properties 
of the region of matrix closest to the reinforcement which is known as the interphase.  This 
region has been shown to have properties different from the bulk of the matrix due to 
chemical and physical interactions between the reinforcement and matrix.[35]  Testing of 
this region is done by a series of tests at a very small lengthscale in order to look at the 
variation in properties across the interface.  Hodzic and collaborators[36-39] used such 
techniques to investigate the effects of environmental conditions on the size and properties 
of the interface in various materials.  These tests showed a clear difference in mechanical 
modulus and hardness in the region closest to the reinforcing phase.  Other researchers 
have also shown the existence and extent of the interphase through similar indentation 




However, most indentation protocols employed in current literature evaluate the material’s 
modulus and hardness from the unloading segments [43]. Although hardness serves as a 
surrogate measure of the material’s resistance to plastic deformation, it does not have a 
precise quantitative connection to the elastic-plastic constitutive response exhibited by a 
material.  Hardness is imprecise because it corresponds to the yield strength in the material 
after a finite but nonstandard amount of plastic deformation that depends both on the 
material being tested as well as the indenter tip geometry. Recognizing this challenge, there 
have been several attempts in literature aimed at recovering stress-strain curves from the 
load-displacement measurements obtained from indentation [44-49]. 
2.2.3 Indentation analysis protocols 
The most popular method of analyzing indentation tests is known as the Oliver-Pharr 
method.  This method can be adjusted for a variety of indenter shapes but is most 
commonly employed with a sharp indenter such as a Vickers tip or a Berkovich one. 
[31]  This method uses the maximum load of the test and the slope of the unloading curve 
in order to calculate the hardness and the modulus of the material according to Eqs. 5 and 
6.   
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Both of these measurements require the use of an area function (𝐴) which is usually 
calibrated using an indentation tests on standard material.  However, this method requires 
the use of a standard material which is similar to the material which is desired to be tested 
in order for the area function to be effective.  The other variable used in these equations 
are marked on the load displacement curve shown in Figure 3.  In addition, the calculation 
of properties based on the unloading curve means that the properties are calculated based 
on the damaged material. One reason for the use of the unloading portion is that indentation 
with a sharp tip initiates plasticity in the very early segment of the test.  The portion of the 
curve with only elastic deformation is very small as indicated by the box in Figure 3.  
Therefore, the initial elastic region cannot be used to calculate the properties of the material 





 The protocols developed by Kalidindi’s research group [49] have demonstrated 
tremendous promise in terms of the interpretability of the extracted stress-strain curves [50, 
51] at multiple length scales (of the indented volumes in the samples) [52], and their broad 
applicability to many different materials systems [52-60].  These protocols will be 
discussed in detail in the next chapter. 
  
Figure 3: Load Displacement curve for analysis by Oliver-Pharr Method.  Using a sharp 
indenter, the elastic deformation would in a small initial section as captured in the box.  
The stiffness at the end of the test, labeled by S, and the maximum load, 𝑃𝑚𝑎𝑥, are also used 




CHAPTER 3. SPHERICAL INDENTATION FOR THE 
EXTRACTION OF STRESS-STRAIN CURVES 
Instrumented indentation is a test method to probe the mechanical properties of a material 
by pressing into the material with a tip of a specified geometry and measuring the load and 
displacement response.  From the response, the material properties can be determined.  
Indentation testing offers many advantages in characterizing the mechanical response of 
materials at different material length/structure scales. However, most indentation protocols 
employed in current literature evaluate the material’s modulus and hardness from the 
unloading segments [43]. Although hardness serves as a surrogate measure of the 
material’s resistance to plastic deformation, it does not have a precise quantitative 
connection to the elastic-plastic constitutive response exhibited by a material.  Hardness is 
imprecise because it corresponds to the yield strength in the material after a finite but 
nonstandard amount of plastic deformation that depends both on the material being tested 
as well as the indenter tip geometry. Recognizing this challenge, there have been several 
attempts in literature aimed at recovering stress-strain curves from the load-displacement 
measurements obtained from indentation [44-49]. The protocols developed by Kalidindi’s 
research group [49] have demonstrated tremendous promise in terms of the interpretability 
of the extracted stress-strain curves [50, 51] at multiple length scales (of the indented 
volumes in the samples) [52], and their broad applicability to many different materials 




(citation) for the elastic, frictionless, contact between two isotropic, homogenous, bodies 
exhibiting quadratic surfaces. 
3.1 Hertz Theory 
The analysis of the load-displacement data produced by the frictionless elastic contact of a 
































In these equations 𝑃 and  ℎ𝑒 are the indentation load and the elastic indentation 
displacement, respectively.  They are related by the effective modulus (𝐸𝑒𝑓𝑓) and the 
effective radius of contact (𝑅𝑒𝑓𝑓) as shown in Eq. 5.  These quantities are related to the 
individual properties of the indenter and the sample through Eqs. 7 and 8, where 𝐸𝑖, 𝑣𝑖, and 
𝑅𝑖 denote the modulus, Poisson’s ratio and radius of the indenter, and the corresponding 
variables with the s subscript are the variables corresponding to the sample being indented.  




the edge of the contact between the indenter and the sample surfaces) under load.  However, 
the availability of continuous stiffness measurement (i.e., CSM) option on modern 
indenters allows an independent estimation of 𝑎 at every point in the measured load-
displacement curve using the following relation that can be derived from Hertz’s theory: 
 𝑎 = 𝑆/2(𝐸𝑒𝑓𝑓) (11) 
where 𝑆 = 𝑑𝑃 𝑑ℎ𝑒⁄  denotes the measured elastic stiffness. 
3.2 Application to Load Displacement Data 
There are three main steps to using these equations for extracting the indentation stress-
strain responses of the sample material.   
1. Determination of the effective zero-point of contact between the indenter and the 
surface.  
2. Calculation of effective modulus and estimation of the contact radius at every point 
in the load-displacement curve.  





Figure 4: The main steps of the indentation stress-strain analysis protocols. Green colored 
data points in the initial portion of the machine captured load-displacement data (plot A) 
are identified to lie in the elastic region of the indentation loading response. This is 
accomplished from the linear regression performed in Plot B, which in turn identifies the 
corrections needed to the measured load and displacement signals to bring them in close 
agreement with Hertz’s theory.  Plot C shows a regression fit based on Hertz’s theory used 







contact radius a from the measured CSM. Plot D shows the final extracted indentation 
stress-strain response. 
3.2.1 Effective Initial Contact 
There are many unavoidable factors that contribute to an imperfect (far from ideal) contact 
between the indenter and the sample. These include roughness of the surfaces, friction, and 
deviations from idealized geometries of the indenter and sample surfaces. Consequently, 
one needs to adopt a point of effective contact [49, 62]between the surface and the indenter 
in the analyses of the raw data obtained from the indentation experiments.  The vendor-
provided software available in most indenters identifies this contact point by an analysis of 
the measured CSM values; but it has been shown that this approach results in erroneous 
extraction of the indentation stress-strain responses [49, 63].  Instead, this is accomplished 
in this work by determining the relationship expected between the measured values of the 
load, displacement, and stiffness to be in conformance with Hertz theory (based on Eqs. 5 
and 9), and is expressed as: 
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 (12) 
The tilde on top of a variable indicates that the value is the one measured by the machine, 
while the star indicates its zero-point correction.  A regression analysis of the measurement 
data within the elastic region (see Plot B, Figure 4) to Eq. 10 can be used to determine these 




(the green colored segment in Plot A, Figure 4) is critical to determining the zero-point and 





Figure 5: Diagram of the evolution of the area of contact between the indenter and the 
sample. A) Initial point contact where the indenter and fibers are in contact.  B) Incomplete 




image at the bottom by the red circle.  C) The indenter is in contact with both fiber and 
matrix and a representative volume is being influenced by the indenter.  The surface area 
of contact is represented by the green circle in the optical image.  D) Indenter influence by 
the end of the test.  Contact area indicated by the magenta circle is significant but entirely 
within a single ply. 
A significant challenge is encountered in the analyses of the measured raw data from the 
PMC samples studied in this work. The inherent heterogeneity in the sample results in large 
changes in the material content of the deformation zone under the indenter, which is 
especially marked during the initial contact. As the contact zone size changes, the fiber 
content and the effective elastic stiffness in the primary indentation zone (i.e., the most 
stressed region in the sample under the indenter) also change dramatically. The changes in 
the effective elastic stiffness are exacerbated by the very high contrast in the mechanical 
properties of the constituents (i.e., fiber and matrix). Figure 5 shows four stages of the 
evolving contact; initial contact indicated in blue and in part A, contact with multiple fibers 
and the matrix indicated in green and contact at the conclusion of the test indicated in 
yellow.   Since the analysis’s procedure depends heavily on Hertz’s theory and assumes a 
constant value of the indentation modulus in recovering the indentation stress-strain curves, 
one should expect to encounter difficulties in identifying and recovering the initial linear 
elastic portion of this curve. Of course, once a substantial amount of contact has been 
established between the indenter and the sample (i.e., the primary indentation zone includes 
multiple individual fibers), one can expect the effective elastic stiffness in the indentation 
zone to asymptote to its effective value for the composite. It should also be pointed out that 
the degree of elastic anisotropy exhibited by PMC plies is significantly larger than what 




protocols.  A finite element model of the indentation test will be compared with the 
experimental results to validate the applicability of this Hertz based process to these 
anisotropic materials. 
3.2.2 Indentation Modulus and Contact Area 
Once the initial contact point has been determined, the corrected data can be used to 
determine effective modulus and the radius of contact between the indenter and the surface.  
As seen in Eq. 9, 𝑎 is related to the stiffness and the effective modulus.  𝐸𝑒𝑓𝑓 can be 
determined from a regression analysis of the zero-point corrected data using Eq. 5 on the 
initial elastic loading segment (the green colored segement in Plot C, Figure 4).  With the 
use of the CSM, stiffness is directly measured at every point on the load-displacement data.    
Then 𝑎 can be calculated as shown in equation 5. 
3.2.3 Indentation Stress and Indentation Strain 
In order to transform the measured load-displacement data into meaningful indentation 
stress-strain curves, one needs to develop and adopt suitable measures of indentation stress 
and indentation strain. These are meant to represent effective volume-averaged quantities 
in the primary deformation zones underneath the indenter. However, because of the 
difficulties involved in solving for the stress and strain fields in the indented region during 
elastic-plastic indentations, it has not been easy to establish these definitions. Furthermore, 
the lack of a clear definition of the size of the deformation zone is a major impediment in 
the development of these concepts. Recent work has suggested the use of the following 















  (14) 
Since the values for all of the variables in these equations have already been established in 
the protocols described earlier, it is relatively easy to extract the indentation stress-strain 
curve (PlotD, Figure 4).  From the extracted indentation stress-strain curve, intrinsic 
properties of the material such as the indentation modulus and the indentation yield strength 
can be determined.  In this work, we will estimate the indentation modulus from the slope 
of the initial portion of the indentation stress-strain curve.  The indentation yield point will 
be determined from the intersection of the indentation stress-strain curve and a 0.2% 
indentation plastic strain offset line exhibiting the slope of the indentation modulus.  The 
stress-strain curve in this intersection region will be smoothed to produce a robust estimate 
of the indentation yield strength for the composite. Thus far there are no examples in the 
literature where these protocols have been applied to polymer matrix composites.  The 
following chapters will show that application of these protocols to two different composite 
systems.  The results from the use of these protocols on laminate composites will be 
discussed in chapter 4 and their application to a nano-composite will be discussed in 




CHAPTER 4. INDENTATIONS ON LAMINATE COMPOSITES 
4.1 Introduction 
The ability to quantify the variance in the local mechanical properties in individual plies is 
critically important to improve and validate multiscale models.  Oftentimes, the properties 
at the level of the individual plies are determined by creating unidirectional samples and 
testing them in standard test protocols.  However, it has been shown that the properties of 
the individual plies within a multi-laminate system may not be the same as those measured 
in the unidirectional samples specifically produced for this purpose [65-67].  In large part, 
this is due to the differences in the processing conditions experienced by the plies in the 
two samples (i.e., a multi-laminate sample and a single laminate sample). Therefore, a 
method for directly measuring the local mechanical properties in the individual plies of a 
multi-laminate system along with their associated variance is critically needed.   
From a practical viewpoint, it is also important to seek high throughput test protocols for 
measuring the variance in the local properties as one should anticipate the need to conduct 
a large number of tests within each ply of a multi-laminate system in order to establish the 
results with acceptable statistical significance. Indentation techniques have been widely 
used in prior literature for establishing the local properties at different locations in a 
manufactured final product [32, 68, 69]. Recent advances in indentation instrumentation 
have tremendously improved the measurement resolution limits, and have now made it 
possible to measure local properties at exceedingly small length scales [31, 70].  More 




measured in spherical indentation tests that result in a suitably normalized material 
response in the form of indentation stress-strain curves [57, 62, 71]. These spherical 
indentation stress-strain curves exhibit a clear elastic regime and a clear transition to 
elastic-plastic regime allowing one to reliably establish intrinsic material properties. 
Furthermore, the material properties measured in the spherical indentation stress-strain 
protocols can be correlated to the material properties measured in standard 
tension/compression tests for selected materials classes [50, 51, 64].  The new spherical 
indentation stress-strain protocols mentioned above have thus far been demonstrated on 
single and polycrystal properties in metals [55, 72], carbon nanotube brushes [60], bone 
[73, 74], and visco-elastic properties in polymers [75].   
The main goal of this work is to extend the application of the recently developed spherical 
indentation stress-strain protocols to evaluating the local mechanical response and its 
variance in the individual plies of a multi-laminate PMC (polymer matrix composite). This 
extension has encountered several hurdles in both the sample preparation and the extraction 
of the indentation stress-strain responses from the raw load-displacement data. All of these 
hurdles mainly arise because of the high levels of heterogeneity between the individual 
properties of the matrix and the fibers constituents as well as the anisotropy in the 
mechanical response of the fibers. This paper describes these extensions in detail and 
reports the indentation stress-strain responses measured in individual plies of a multi-
laminate PMC sample. 




Samples for the current indentation study were cut from specimens produced for testing 
in a technical research program conducted by the Air Force Research Laboratories (AFRL) 
designed to evaluate various composite damage models [9, 10, 46, 47]. These samples were 
selected for our study as their macroscale properties had already been systematically 
evaluated. The samples were made from IM7/977-3 Carbon Fiber/Epoxy. Plates of carbon 
fiber impregnated with epoxy were layered into a [30/60/90/-60/-30]2S laminate composite. 
One sample was cut such that the fibers were at 0, 30, and 60 degree angles to the 
indentation direction. A second sample was cut such that fibers made 30, 60 and 90-degree 
inclinations to the indentation direction. Both samples were mounted in epoxy mounts and 
were initially polished using standard protocols[38]. 
PMC sample preparation for the indentation experiments proved to be a significant 
challenge for extracting reliable indentation stress-strain curves. The large differences in 
the mechanical properties of the polymer matrix and the fiber made it very difficult to 
obtain the flat surface needed for the indentation test while ensuring only a minimal (ideally 
zero thickness) top disturbed layer (a consequence of cutting the sample and mechanically 
polishing the sample surface). In general, most mechanical polishing methods or ion-
milling methods used to remove the top disturbed layer will result in selective removal of 
the softer phase compared to the harder phase, creating unacceptable height differences 
between the matrix and the fiber. Therefore, polishing techniques must be adapted to 
minimize these height differences.  
A Struers Tegramin 30 automatic polishing machine was used to perform the 




grinding papers of 1000 grit, 2400 grit, and 4000 grit were used in turn for approximately 
2 minutes each. Samples at the end of each polishing step were evaluated by an optical 
microscope to ensure that damage from the previous polishing step was removed before 
proceeding to the next polishing step. After all the grinding steps were completed, the 
samples were polished with a diamond suspension, first with 3 μm particles, and then with 
1 μm particles. Each of these steps lasted approximately 15 minutes or until it was 
determined that the damage from the previous step had been removed. Next, a colloidal 
silica suspension was used as a final step for 20 minutes. At this point, all apparent damage 
to the surface was removed. However, it was determined that the addition of another step 
using a 0.05 μm polishing suspension for another 20 minutes decreased discrepancy in 
height between the fiber and the matrix as seen in the SEM (scanning electron microscope) 
images shown in Figure 6.  
Figure 6: SEM images showing the height discrepancy between the fiber and matrix. A) 
Surface after ion polishing showing a large height discrepancy due to different removal 





discrepancy.  Both images were taken in depth mode to emphasize the contrast in heights.  
White rings around the fibers indicate the step from the height of the matrix to the fibers. 
The final polish was examined by SEM and the height discrepancy was determined 
to be less than 1 μm as both the fibers and matrix were in focus with a focal depth of this 
height.  Atomic Force Microscopy(AFM) was employed to quantitatively determine the 
height difference between the matrix and the fibers more precisely.  Figure 7 shows an 
example of the AFM image generated for one of our PMC samples prepared used the 
protocols described above.  From this data, it was determined that the maximum height 
difference between the matrix and fiber is approximately 100-150 nm.  This value is low 
enough so as to allow the indenter to come into contact with both the fibers and the matrix 
before the material exhibits plastic deformation.  It should be noted that the height 
difference varies somewhat depending on the packing of the fibers.  The matrix which falls 
 
Figure 7: AFM data on A) 0, B) 30, and C) 60-degree plies.  Each line graph shows the 




in between closely packed fibers exhibited a smaller height difference compared to the 
matrix between more loosely packed fibers.  
 Indentation tests were performed using an Agilent G200 nanoindentation setup 
equipped with continuous stiffness measurement (CSM) capability. A tip of radius 500 μm 
was used as it produced a contact radius of about 25-30 μm at indentation yield. As the 
plies used in this study were approximately 100 μm wide, and all the indentations were 
performed along a line near the centerline of the ply (in the thickness direction), all of the 
indentation deformed zones in the tests reported in this work were confined to lie well 
within the tested plies (i.e., there is no effect from the ply edges). Tests were run to a 
maximum load of 700 mN at a target strain rate of 0.05 s-1 and then unloaded at the same 
rate. The CSM option was used at a frequency of 45 Hz and an amplitude of 2 nm as 
recommended by Vachhani et al. [41]. 
4.3 Results 
In the indentation test, it is important to ensure that a good contact has been established 
between the indenter and the surface to ensure that the measured response comes from the 




composite, and not just from the fibers sticking out of the sample surface (see Fig. 5A from 
Chapter 3). The dramatic increase in the size of the deformation zone under the indenter in 
the early portions of the indentation test poses a significant challenge in the extraction of 
reliable indentation stress-strain curves from the PMC samples studied in this work. As 
one might expect, in the early portion of the load-displacement curve, the fiber volume 
fraction in the indentation zone will change in an unpredictable manner with the increase 
in indentation depth (or load). The contact of the indenter with the surface during this 
region is illustrated in Figure 5B and indicated by the innermost circle on the micrograph 
in Figure 5. Only after reaching a reasonable deformation zone size (see Figure 5C), one 
might be able to treat the material in the deformation zone as a homogenized material with 
the effective properties of a single laminate. Therefore, only the load-displacement data 
beyond the point of substantial contact (see Figure 5C) can be analyzed with the Hertz’s 
theory introduced earlier. The deformation zone size corresponding to the onset of 
indentation yield is shown in Figure 5D.   
It should be noted that there was always some material heterogeneity even in the metal 
samples tested in prior work using the spherical indentation stress-strain protocols 
described above. In the metal samples, this heterogeneity usually comes from a variety of 
defect distributions in the deformation zone that might include dislocation networks and 
precipitates. However, since the deformation zone sizes become significantly larger than 
the length scales associated with these defects at very low indentation depths (or loads), 
we often only need to ignore only the very early portions of the measured load-




a much larger portion of the measured initial load-displacement data because of the 
following reasons: (i) the length scale of heterogeneity (i.e., fiber diameters) in the 
deformed zone of the indentation is significantly larger; and (ii) the contrast in the 
mechanical properties of the constituents is much larger (i.e., the fiber elastic stiffness is 
orders of magnitude larger than that of the matrix) leading to large swings in the effective 
stiffness of the material in the deformation zone in the early stages of the loading.  
 Recognizing and understanding the challenges described above, it becomes clear 
that one needs a completely new strategy for selecting the initial elastic segment in the 
measured load-displacement data for the proper extraction of the indentation stress-strain 
curves in PMC samples. It should be remembered that this selection influences strongly 
the identification of the effective zero-point, which in turn affects the computation of all 
values of the indentation stresses and the indentation strains. Figure 9 illustrates the effects 
of the selection of two different choices of the initial elastic regimes for the analysis of the 
same measurement dataset which resulted from a test in a 60-degree ply. The red-colored 
segment in Figures 9A and 9B indicate a choice of the elastic segment from an early portion 
of the measured load-displacement data, closer to what one might have selected using the 
protocols employed currently in the analyses of indentation data acquired in metal samples. 
However, for the PMC samples, this data comes from a regime where the indenter is not 
fully in contact with the composite as illustrated in Figure 9B. Recall that the height 
differences between the matrix and fibers could be as large as 50-150 nm as shown in 
Figure 7. For the reasons explained earlier, we need to eliminate the measured data in PMC 




analyses. This naturally leads to the identification of the green-colored segments in Figures 
9A and 9B as our initial elastic segment for the PMC samples. Figure 9C shows the 
extracted indentation stress-strain curves resulting from the different selections of the 
initial elastic segments from the same measured load-displacement data. It is seen that the 
incorrect selection of the initial elastic segment (colored red) leads to an indentation stress-
strain curve with multiple unnatural artifacts such a nonlinear elastic regime (at the low 
stress or strain levels) and an artificial drop in the indentation yield stress (just below an 
indentation stress of about 0.2 GPa). The correct selection of the initial elastic segment 
(colored green) produces a much more accurate representation of the indentation stress-
strain response in the PMC samples. In later sections, we will further validate the 
indentation moduli extracted from the protocols described above using finite element 
simulations. For now, it is emphasized that a simple rule to avoid selecting the early 
portions of the load-displacement curves for elastic analyses is to discard any selection that 
produces ann h* (zero-point correction for displacement) value less than the height 






Figure 9: Example of the results from two different choices of the initial elastic segment. 
A) Shows the locations of these elastic segments on the raw load-displacement data.  B) 
shows them on the plot which is used to calculate the effective zero-point.  C) Shows the 
stress-strain curves which result from the choice of elastic segment.  Also included are grey 
lines indicating the elastic slope and the offset for determining the yield point.  The yield 
point is indicated in magenta. 
The green colored indentation stress-strain curve in Fig. 6C (measured in a ply with 
fibers at 60 degrees to the indentation direction) clearly shows a linear elastic portion. This 
confirms that a linear relationship continues to exist between 𝑃 and ℎ𝑒
3/2
 (implied in Hertz’s 
theory; see Eq. (1)) even for the highly anisotropic case of PMC laminates. To the best of 
our knowledge, this has never been confirmed in either prior experiments or finite element 
simulations. The central implication from this important observation is that it would be 
possible to apply Hertz’s theory to materials exhibiting a highly anisotropic elastic 
response, where 𝐸𝑒𝑓𝑓 could be interpreted as an equivalent isotropic indentation modulus 




the intrinsic anisotropic properties of the material (i.e., single ply) tested. We will revisit 
this issue a little later in this paper. 
The green data in Figure 9C shows several important characteristics which can be used to 
understand the behavior of the composite.  The first is an initial linear segment 
corresponding to the elastic behavior of the ply being indented.  The slope of this segment 
gives the indentation modulus.  The solid gray line indicates this slope in the figure.  The 
correct analysis gives a higher modulus value of 16.77 GPa compared with the value of 
13.82 GPa calculated with the lower elastic region.  At higher stresses, the stress-strain 
behavior deviates from the linear indicating the onset of plastic deformation.  Here we use 
a 0.2% offset line (grey dashed line) to calculate a yield point (magenta dot) of 0.42 GPa.  
Due to the elastic recovery of the matrix, images of the surface after indentation did not 
show evidence of damage to the surface except for a few small matrix cracks such as the 
one shown in Figure 10A.  Therefore, indentation tests to higher load levels were 
performed in order to explore the kinds of damage induced by the indentation tests.  Visible 
residual impressions were observed. Figure 10B shows SEM images of the surface after 
indentations using the same tip size but reaching a higher maximum load.  Images of the 




cracking.  Such deformation mechanisms have also been demonstrated in sharp indentation 
tests [68].   
The refined and extended spherical indentation stress-strain protocols described in the 
previous section were employed on plies with fibers at 0 degrees, 30 degrees, 60 degrees, 
and 90 degrees to the indentation direction. As mentioned earlier, all indentations were 
performed near the centerline of the plies to avoid any interactions between plies of 
different orientations. Multiple tests (see Table 1) were run on each ply. The resulting 
indentation stress-strain curves are presented in Figure 11. 
Figure 10: SEM images showing damage to the material surface after indentation.  A) 
shows an indentation location after test conditions showing matrix cracking.  B) shows 
additional damage to the surface caused by a high-load indentation test.  Here extensive 





Figure 11: Indentation Stress-Strain curves for indentations in various plies. 
The measured indentation stress-strain curves show a clear increase in the values 
of the indentation modulus (i.e., the slope of the indentation stress-strain curve in the initial 
elastic regime) with the decreasing declination angle (i.e., the angle between the 
indentation direction and the fiber orientation in the ply). This is expected because the 
elastic stiffness of the ply decreases sharply with the declination angle as demonstrated 
previously in the literature.  
A large variance is noted in Figure 11 in the multiple measurements performed in 
the same ply. We believe that this variance reflects the variance in the mechanical 
properties in each ply at the length scale of the deformation zone in our indentation 
measurements. For the measurements reported in this study, this length scale is about 60 




validate the above hypothesis, we have carefully studied the variance in the measured fiber 
area fractions from randomly extracted images of size 70 m X 70 m from serial-
sectioned optical images of the plies in our samples. The distribution of the measured fiber 
area fractions exhibited a mean of 61.8% and a standard deviation of 8.8%. From these 
observations, it can be seen that the large variance seen in the measurements in Figure 11 
could indeed be attributed to the large variance present in the material microstructure in 
the samples at the length scale of the deformation zone in the indentation tests. We will 
further validate this hypothesis with FE simulations later.  
 At higher stress levels, the indentation stress-strain responses deviate from the 
linear response indicating the onset of permanent (inelastic) deformation. High-resolution 
images of the unloaded sample (after experiencing permanent deformation) shown in 
Figure 10A indicate the onset of matrix cracking and fiber debonding in the samples. 
Similar observations of damage initiation have also been reported in studies that used sharp 
indenters on the PMC samples [23]. In general, the extent of damage was found to increase 
with the amount of permanent deformation imposed on the sample (caused by higher 
indentation loads) as seen in Figure 10B. Here the center of the image roughly corresponds 
to the center of the indentation zone.  It is interesting to note that the majority of the 
damage, particularly the fiber debonding occurs toward the edges of the image instead of 
at the center of the indentation.  This shift from the center is due to the nature of the stresses 
found in the indentation zone. A discussion of the nature of the plastic zone during 




A large number of spherical indentations were performed on the multiple plies 
within the same samples present in the samples prepared for this study. The means and 
standard deviations for the indentation moduli and indentation yield strengths (using a 
0.2% indentation plastic strain offset) estimated from the indentation stress-strain curves 
are summarized in Table 1. It is clearly seen that both these values decrease sharply with 
the declination angle. Note that some of the tests with the zero degree declination angle 
(fiber direction parallel to the indentation direction) did not exhibit plastic deformation. 
Therefore, the indentation yield values presented in Table 1 were obtained only from the 
tests from which an indentation yield point could be extracted reliably. 












0 Degree 29 43.236 8.7268 1.1645 0.2267 
30 Degree 14 29.93 3.9962 0.70073 0.22676 
60 Degree 18 16.573 1.6792 0.40552 0.18026 
90 Degree 28 12.397 2.9926 0.29473 0.08393 
Surprisingly, the values of the measured indentation moduli reported in Table 1 are 
significantly lower than the previously reported values of the compression moduli for the 
same plies. As already mentioned, the compression moduli for the plies have been reported 
to be 137 GPa and 8.69 GPa in directions parallel and perpendicular to the fibers. In order 
to understand this difference between standard uniaxial tests (e.g., tension, compression) 




indentation tests. Indeed, FE simulations have been used extensively in prior literature [78-
81] to help interpret the measurements conducted in the spherical indentation tests.  
FE simulations have been used extensively in prior literature [48-51] to help 
interpret the measurements conducted in the spherical indentation tests. In the FE models 
used in this work, the sample material is treated as a homogeneous material exhibiting 
transversely isotropic elastic response. The transverse isotropy is prescribed using a 
material reference and five elastic stiffness denoted as {𝐶11, 𝐶12, 𝐶33, 𝐶13, 𝐶44} based on 
calculations from the epoxy and fiber properties using Eqs. 8-12. 
𝐸3 = 𝐸𝑓3𝑉𝑓 + 𝐸𝑚𝑉𝑚  (8) 
𝐸1 = 𝐸2 =
𝐸𝑚






𝐺23 = 𝐺13 =
𝐺𝑚














𝑣23 = 𝑣𝑓23𝑉𝑓 + 𝑣𝑚𝑉𝑚  (12) 
As noted earlier, the fiber volume fractions in the deformation zones in our indentation 
experiments are likely to have varied between 50% and 70%. Using these volume fractions 




ply stiffness to be (𝐶11, 𝐶12, 𝐶13, 𝐶33, 𝐶44 = 11.3, 5.4, 5.4, 143.1, 3.7 𝐺𝑃𝑎), while the upper 
bound values were estimated to be (𝐶11, 𝐶12, 𝐶13, 𝐶33, 𝐶44 =
18.1, 10.2, 8.7, 199.6, 5.7 𝐺𝑃𝑎).  
 The FE mesh for the present work has been adopted from prior work [49] by 
Andrew Castillo. The FE model assumed a frictionless contact between a rigid spherical 
indenter and the anisotropic elastic sample (specified using the five elastic stiffness 
parameters described above). Simulations were performed for 0, 30, 60, and 90 degrees of 
declination angles (using suitably oriented material reference frames).  
All of the FE simulations performed in this study produced linear indentation stress-
strain curves when analyzed using Hertz’s theory, once again confirming that a linear 
relationship continues to exist between 𝑃 and ℎ𝑒
3/2
 (see Eq. (1)) even for the highly 
anisotropic case of PMC laminates. As mentioned earlier, this is a significant result and 
justifies the use of Hertz’s theory in the extraction of indentation stress-strain curves even 
when the sample exhibits very high levels of elastic anisotropy. Of course, one still needs 
to establish a meaningful interpretation of the extracted value of the indentation modulus 
for anisotropic materials. In this work, we get around this challenge by using the exact 
same protocols for the extraction of the indentation stress-strain curves from FE 




the measured and FE predicted indentation moduli for the different ply orientations studied 
in this work.   
The FE predicted indentation moduli are compared with the corresponding experimentally 
measured indentation moduli in Fig. 9. The simulated indentation moduli corresponding to 
a lower fiber volume fraction (50%) are consistently lower than the higher fiber volume 
fraction (70%), providing estimated bounds for the experimentally measured indentation 
modulus. Both experimental and simulated indentation moduli follow a trend of decreasing 
indentation modulus with increasing declination angle. Furthermore, the experimentally 
measured mean indentation modulus (see Table 1) consistently falls within the bounds 
provided by the finite element simulations with the exception of the highest declination 
angle. This result implies that some of the testing was performed in areas with volume 
Figure 12: Comparison of experimental results of modulus with the results of simulations 





fractions somewhat higher than the simulated 70%.  An interesting note is a difference 
between the simulated indentation moduli of the selected fiber volume fractions tends to 
increase at lower declination angles. This observation suggests that, for the set of 
constituent fiber and matrix elastic parameters used to estimate the effective ply properties, 
the resulting indentation modulus has a relatively higher sensitivity to variations in fiber 
volume fraction at lower declination angles. This observation is consistent with the 
experimentally reported values, as the range of experimentally measured indentation 
moduli consistently increases at lower declination angles (local fiber volume fraction at 
indentation sites vary for a single declination angle). The deviation from the simulated 
indentation modulus at highest declination angle, as well as the differing ranges of reported 
indentation moduli values at lower declination angles, suggests fine-tuning of the effective 
elastic constants may be appropriate to arrive at more concise bounds for effective ply 
properties. Such an effort should rigorously consider the apparent uncertainty of the 
experimentally measured indentation moduli at the different declination angles and will be 
pursued in future work.  
4.4 Conclusion 
This paper has demonstrated the applicability of the updated stress-strain protocols to the 
study of Carbon Fiber/Epoxy laminate composites at the single ply lengthscale. It has been 
demonstrated that variance in the local properties exists between the lamina at different 
angles as well as within a single lamina. Within a single ply, this variance is shown to be a 
result of local variation in the volume fraction of the fibers. The amount of variation 




of the indentation. Since the simulations were based on the angle of the fibers with the 
direction of indentation and the volume fraction of the fibers, it can be concluded that these 
two factors play a large role in the variation in properties on the local scale. This 
consistency is also evidence to verify that the protocols are capable of accurately capturing 
the local properties of the material.  Equally as important it has been shown that the 
nanoindentation tests can be used to initiate damage in PMCs and that damage can be 
quantified as the local indentation yield point of the material. This paper has demonstrated 
that indentation tests induce both fiber debonding and matrix cracking. Future work could 






CHAPTER 5. INDENTATIONS ON NANO-COMPOSITES 
5.1 Introduction 
Nano-composites have the capability of drastically increasing the properties of the 
composite compared to the neat polymer without significantly changing the weight or 
processing pathways.  In particular, carbon nanotubes (CNTs) show great promise due to 
their high aspect ratio and mechanical strength as well as unique electrical and thermal 
properties.  Barriers to implementation of such materials in advanced applications are due 
to changes in the materials during processing (such as waviness) and agglomeration of the 
tubes within the composite.  In order to understand how these materials change during 
processing and to optimize processing conditions, it is important to know the properties on 
the local scale.  Preferably methods for testing such local properties would need to be able 
to be done on the material in the shape it will be used in as processing into different shapes 
can cause variations in the properties.  Such a test method would also need to be high-
throughput so that many locations could be tested giving a statistical representation of the 
material and highlighting areas of the variance in the properties.  Therefore, indentation 
testing presents itself as an optimal solution for measuring these local properties.   
It is critical that a thorough understanding of the composite properties be established to 
improve and expand composite models for arbitrary shapes and loading conditions.  This 
paper will explore the use of instrumented spherical indentation stress-strain protocols to 
study the mechanical properties of polypropylene and carbon nanotube composites.  The 




Then the results will be compared with the results of tensile testing on samples with the 
same processing history.  This paper will demonstrate the applicability of the recent 
indentation protocols for determining the variance in the mechanical properties in the 
selected polymer composite materials.  Use of these protocols on a variety of composite 
materials will allow for greater predictive power in models refined by these results. 
5.2 Materials and Samples 
As previously reported in Bhuiyan et al. [83] the polymer used to create the samples is a 
PP powder (Pro-fax 6301, melt flow index 12g/10 min), purchased from Basell.  The multi-
walled carbon nanotubes were purchased from Cheap Tubes, VT, USA and were used as 
reinforcement.  As per the supplier, the specifications of the nanotubes are as follows: outer 
diameter 20-30 nm, inner diameter 5-10 nm, length 10-30 um, purity >95 weight % and 
ash <1.5 weight %.  The composites were fabricated by extrusion and injection molded to 
form dogbone shapes.  A DSM Micro 15 cc Compounder and 10 cc injection molding 
machine were used for melt mixing and injection molding respectively.  The materials were 
compounded at Tbarrel = 180 ⁰C for 3 mins with a screw speed of 245 rpm.  The material 
was injected into the mold at Tmold = 80 ⁰C with an injection pressure of approximately 758 




loadings correspond to 0 vol%, 0.48 vol% and 2.46 vol% respectively.  Figure 1 shows a 
reak surface SEM image of the composite material.   
From these images, it can be seen that CNTs are inhomogeneously dispersed.  Therefore, 
we would expect the local properties to also have a high degree of variation.  The ability 
to characterize this variance is one of the strengths of using the nanoindentation tests.   
From the dogbone samples, a sample was taken from the gauge section.  This sample was 
then mounted in an epoxy mount for polishing and indentation.  Care was taken to orient 
the sample such that indentations could be performed in the direction of the flow of the 
material into the mold.  Figure 12 shows the direction of the indentation relative to the 
Figure 13: Fracture surface imaged in the SEM clusters of CNTs are shown with the 
circles and boxes show waviness of the CNTs.  Originally published in Bhuiyan et. 





sample.  This orientation allows for the most direct comparison with a tensile test to account 
for any directional effects caused by the alignment of the nanotubes in the sample.  
Figure 15: Schematic depicting the dog bone sample from which samples for indentation 
were cut.  The arrow indicates the direction from which the indentations were performed. 
5.3 Surface Preparation 
Samples were cut from the gauge section and mounted in epoxy. Then, samples were 
prepared according to the preparation method described in Abba[84] with slight variations 
in time for each step based on the needs of the sample.  Optical images of the polished 
surface were taken between each step to discern if the time employed on that step was 
sufficient to get rid of the polishing scratches from the previous step.  If not, polishing on 
that step proceeded in one-minute increments.  In addition, as a final step for each sample, 
ion milling was used to finish the surface.  A Hitachi IM4000 Plus Ion Milling System was 
used.  The milling was performed with a tilt of 80⁰ with no eccentricity.  The operation 
mode was F2, which rotates the sample at 25 rotations/min with a swing angle of 360⁰.  
The mill was performed with an acceleration voltage of 3kV and a discharge voltage of 1.5 
kV for up to 30 minutes in 5-minute increments.  After this step, samples were deemed 





5.4 Steps of Applying the protocols to Nanocomposites 
As discussed in chapter 3, it is important to make sure that the analysis of the indentation 
data is accomplished carefully so as to obtain the correct material response.  There are 
several factors to consider.  The first is the viscoelasticity of the material.  This can be 
approached by running the tests at a high rate such that the instantaneous response of the 
material is probed.  This work uses a strain rate of 0.5 s-1 as measured by the software 
native to the indenter.    This strain rate is approximate as the machine uses estimates for 
the contact area.  This rate was chosen as higher rates gave the same response. 
The aspect of the analysis that is important to be careful to choose correctly is the choice 
of the elastic segment.  As indicated previously, this choice of the segment is highly 
important as it will influence the stress and strain calculations significantly.  For these 
samples, the correct choice of the elastic segment can vary from test to test.  The first reason 
is that the nanoindenter can register false contact.  The nanoindenter determines contact 
with the surface based on a change in the stiffness signal.  However, due to the low 
mechanical stiffness of the material, these settings must be set to a lower value so that the 
contact is not missed.  However, this sometimes results in the false identification of the 
contact point.  This can be seen in the low load region of the curve.  In many samples, a 
very low load is shown to persist for a significant amount of displacement.  Once the 
indenter is truly in contact the load begins to increase as normal.  The initial elastic segment 
must be chosen after this initial portion.  The second reason that the choice of the elastic 
region is challenging is the variation within the material.  As with the carbon fiber example, 




not homogeneous, the contents of the initial volume will be variable.  At some point, the 
contact will be large enough to be considered representative of the local area.  Figure 3 
shows a plot corresponding to the various steps in the analysis of the load-displacement 
data to produce the stress-strain curves.  Part C, the zero-point fit plot, is the first indication 
that a chosen segment is indeed elastic.  This plot is based on the Hertz equation relating 
the load-displacement and stiffness response of the material.  An elastic segment will be 
linear on this plot.  This plot shows three distinct regions: an initial curved region, a linear 
region indicated in green and then a final region where the behavior is more erratic.  The 
second region is where the elastic segment can be found.    Once an elastic segment has 
been chosen, it is important to check that the modulus fit is also linear.  Based on these 





Figure 16: Steps for the stress-strain analysis of indentation data.  A) shows the final 
stress-strain results.  The green points in all the graphs indicate the initial elastic segment 
chosen for analysis. The red dot indicates the yield point as determined by the 0.2% offset 
(grey dotted line) B) shows the raw load-displacement data. C) shows the plot used to 
determine the effective zero-point. D) shows the plot used to calculate the modulus. E) 
shows the calculated contact radius which is used to determine the stress and strain.  For 






As the CNTs could not be reliably imaged on the polished surface, Raman spectroscopy 
was used to characterize the variance in the carbon nanotubes.  Spectra were gathered from 
various locations on the surface of the 0, 1wt%, and 5wt% samples.  Spectroscopy was 
performed with a Renishaw Qontor Dispersive Raman Spectrometer equipped with a 
488nm and a 785 nm laser.  The 488 nm laser was chosen for this testing as it gave a better 
signal to noise ratio particularly for the polypropylene peaks in the 5% samples where they 
are more difficult to distinguish.  The test was run using a 20X objective with 0.5% laser 
power and an exposure time of thirty seconds.  These settings were chosen as they gave 
the shortest measurement time while preventing damage to the surface.  In particular, using 
a higher laser power caused significant damage to the surface.  Figure 17 shows a result 
from each of these samples plotted together.  Intensities were shifted so that the details of 
each spectrum could be seen.  While many of the peaks overlap, The CNT peak at 1593 





Figure 17: Individual Raman results for the 0, 1 and 5 wt% samples.  Note the peaks 
indicating the presence of polypropylene at 808 and 840 cm-1.  The peak which most 




cm-1 and the PP peaks at 808 cm-1 are independent of the influence of the other material 
respectively.  Therefore, these peaks can be used to look at the variation in the amount of 
each respective material from different locations.  Raman spectra were taken from random 
locations on the surface of the sample to show the variance in composition.  For the 5% 
sample, the intensity of the CNT peak ranged from 378.7 to 787.9 counts with an average 
of 681.3 and a standard deviation of 137.4. The PP peak ranged from 10.0 to 55.5 counts 
with an average value at 47.0 and a standard deviation of 22.0.  The 1% sample showed 
smaller variation in the CNT peak ranging in intensity from 587.1 to 716.7 counts with an 
average of 637 and a standard deviation of 36.9.  However, the PP intensities showed 
greater variation ranging from 203.8 to 425.5 counts with an average of 302.7 and a 
standard deviation of 93.9.  The greater the degree of variation shifts from the CNT peak 
to the PP peak when going from 5wt% to 1wt% as the CNT peak significantly overpowers 
the PP peak in the 5wt% sample.  The presence of variance in peak intensities at different 
locations indicates the presence of a large amount of inhomogeneity within the sample 
which will also be reflected in the local properties.   
5.5.2 Indentation Tests 
Samples with loadings of 0, 1 and 5 weight percent carbon nanotubes were indented with 
a 500 μm spherical indenter.  Each of these tests was analyzed according to the protocols 




sample.  One important attribute of this data is the amount of variation between the different 
tests.  This variation is due to the differences in the percentage of the CNTs within the 
contact region.  The size of the contact region ranges from a 5 μm radius to 25 μm radius  





Yield (MPa)  
Yield Standard 
Deviation  
Neat PP 2.5499 0.25237 44.168 6.88 
1 wt% PP/CNT 2.7417 0.24557 61.354 17.321 
5 wt% PP/CNT 3.0537 0.26956 54.526 12.514 
Table 2: Indentation Modulus and Yield values for tests on PP/CNT samples.  




area during the course of the test.  A similar level of variation is evident in the other 
samples.  Such variation is indicative of heterogeneity at the scale of the 500 μm test.  
 Such heterogeneity is evident in both the variation in intensities in the Raman results and 
in the SEM image in Figure 14.  Although the size of the clusters is smaller than the 
indentation zone size, the spacing between them is on the same order as this size.  As a 
result, the indentation tests could be performed on areas containing CNT aggregates with 
high volume fractions of CNTs or on areas with mostly polymer.  This variation in local 
structure leads to a variation in local properties as well. 
Table 2 shows the average results of the modulus and yield calculations from the stress-
strain curves.  It should be noted that while the modulus is naturally increasing with the 
Figure 19: Indentation test results on neat 1wt% and 5wt% PP/CNT samples.  Indentations 




increasing weight percent of the CNTs, this increase is on the range of the variance in the 
modulus from the various tests.  This is due to the fact that many of the tests may be falling 
on areas that range in volume fraction of the CNTs from all polymer areas to the high 
concentration of CNTs in the CNT.  Figure 19 shows the indentation stress-strain plots for 
better visualization of this variance and its overlap. 
The variance in the properties of the material is due to the heterogeneity of the material.  
Within the contact region, the amount of CNT varies significantly.  Such variance needs to 
be understood in order to improve the manufacturing efforts.   Use of indentation tests to 
characterize the variance in the properties can lead to better manufacturing processes. 
5.6 Conclusion 
This work has shown the application of analysis protocols for extraction of stress-strain 
curves from an indentation test for polypropylene carbon nanotube composites.  It has been 
demonstrated that the variation in mechanical properties due to the inhomogeneity of the 
composites can be captured.  This variation has been shown to be on the same order as the 





CHAPTER 6. CONCLUSIONS AND FUTURE WORK 
6.1 Conclusions 
This work has shown the viability of these indentation protocols to determine the local 
modulus and yield point for polymer matrix composites.  Two different material systems 
have been tested and analyzed to determine the viability of these protocols.   The first was 
a multi-laminate composite where the properties within individual lamina were calculated.  
The second was carbon nanotube nanocomposite.  In this process, some important points 
were determined which are critical for the analysis of composite materials. 
1. The careful preparation of the sample surfaces is critical to the accurate 
examination of the composite properties.  Due to the differing nature of the 
components of the composite care must be taken when preparing the surface for 
indentation.  Some methods for preparation differentially eroded the different 
components leading to a height difference which led to the incorrect identification 
of the effective zero-point. With careful preparation, this discrepancy was lowered 
to a reasonable level such that the effective zero-point could be determined.   
2. The second important point that was gleaned from the development of these 
protocols is the importance of correctly determining the elastic region for 
calculation of the effective zero-point.  This region must be when the indenter is 
fully in contact with both components of the composite.  This requirement means 
that the slight height difference that remains after careful sample preparation must 




consideration when choosing the elastic region is determining that the indenter is 
in contact with enough of both components that the for the response of the 
material to be considered representative of the composite region and not an 
individual component. 
3. The final point that was important to this work was that these protocols can be 
used to characterize the variation in properties at the local scale.  This point can 
be seen in the differing amounts of variation that can be seen when using different 
indenter sizes.  The increased variation at lower length scales was due to clusters 
of components which were homogenized at the higher length scales. Careful 
choice of the indenter size can lead to an understanding of the variance in 
properties at various length scales.    
6.2 Future Work 
This work has shown the viability of these protocols for polymer composites at 
intermediate lengthscales but there is much work to still be accomplished.  These protocols 
need to be applied to other composite structures to prove their viability on a variety of 
PMCs.  Such alternate materials could be weave structures or short fiber composites.  Both 
of these have distinct lengthscales and modeling of these structures would benefit from the 
application of these protocols.   
In addition, these protocols can be used to provide data for the building of structure-
property linkages and the building and validation of various models.  Work needs to be 




extracted from the data provided by these protocols.  Some preliminary work has been done 
in the creation of structure-property linkages in composite materials and can be reviewed 
in Appendix A.  Improving this work by using the data determined by the protocols which 
were the focus of this thesis to create the structure-property linkage is an important step 
















APPENDIX A.  ROBUST PROPERTY STRUCTURE LINKAGE FOR 
POLYMER COMPOSITES 
A.1 Background 
 Fiber-reinforced composites have become increasingly important structural 
materials, particularly in the automotive and aerospace industries. The property 
enhancement afforded by the use of a fibrous reinforcement allows for lightweight high-
performance parts. The effective mechanical and functional properties of composites are 
generally modeled using highly sophisticated homogenization theories[86] However, most 
practical approaches found in literature employ simpler idealized models that are heavily 
customized for specific classes of composites. For example, Hallal et al.[87] published a 
review of the different types of models used to estimate the properties of the woven 
structures.  Each model works well for the composite class (usually defined based on 
reinforcement structure) for which it was designed. Such models perform poorly when 
applied to other structures.  As other examples, composite models have been proposed for 
short fiber reinforcement[88, 89], long fiber reinforcement[90, 91], and continuous fiber 
reinforcement.[92]  For example, one commonly used model for short fiber reinforcement, 
the Halpin Tsai model falls short in long fiber reinforced materials and in high volume 
fraction of fiber samples.  Although there are many models that fit these idealized structures 
under certain conditions, in practice, real fiber composite structures fall between idealized 
structures, making it often unclear as to which models should be applied in a particular 




molding[93].  This break-up of the fibers results in a structure that contains fibers lengths 
that span the spectrum from the small fiber range (0.2-0.4mm) to the long fiber range (10-
13mm).  Therefore, a single idealized model would not be capable of modeling the entirety 
of the structure.   
A model that is capable of predicting effective properties for a broad range of reinforcement 
morphologies in composite materials currently does not yet exist.  Such a unified model 
would need to rely on a comprehensive set of metrics for the composite microstructure that 
is relevant to all classes of reinforcement morphologies of interest. Recently, an open 
science infrastructure for creating objective linkages between statistical representations of 
the material hierarchical structure and its associated effective properties has been 
developed[94, 95].  In this paper, this framework is applied to the creation of a 
microstructure-sensitive linkage for a very broad class of composites including a variety of 
reinforcement morphologies and spatial arrangements. 
A.2 Methods 
 
Figure 20: One instance from each of the 2D microstructure classes generated for this 
study. The volume fraction, orientation, and length of the fibers were varied. The aspect 
ratio of the fibers starting from the left are 20: 1, 5: 1,  1: 20, 1: 5, 1:15, and  15: 1 while 
the volume fractions for each of the subclasses were around 20%,  30%,  40%,  50%, 60%, 




A.2.1 Data Generation 
A broad range of two-dimensional (2-D) microstructures with a size of 101 x 101 
voxels were generated using the open source python library Materials Knowledge Systems 
in Python (PyMKS).[96] Three specific parameters within the PyMKS microstructure 
generating functions were varied to create different classes of microstructures: i). fibers of 
different lengths were created with aspect ratios of 20:1, 15:1 and 5:1;   ii). the orientation 
of the fibers was varied to be either parallel or perpendicular to the loading direction, and 
represent the extrema of mechanical properties of the composite material with reference to 
the loading directions, and iii). the volume fractions of the fibers were varied from 10% to 
80%.  The locations of the fibers and the exact volume fraction are selected using stochastic 
processes to represent the variance found in real structures.  In total, 1200 microstructures 
were generated consisting of 6 subclasses of 200 microstructures each. An example of each 
of the 6 subclasses can be found in  Figure 6.     
The effective stiffness values were computed using the finite element simulation in 
PyMKS. The simulation uses the periodic boundary conditions to solve the elastostatic 
equation for displacement described in Eq. 13. 
 𝜇𝑢𝑖,𝑗𝑗 + (𝜇 + 𝜆)𝑢𝑗,𝑖𝑗 = 0 (15) 
In Eq. 13,  𝑢 is the displacement vector field, 𝐿 is the length of the square domain, 𝜀?̅?𝑥 is 
the average or macroscopic applied strain, and 𝜇 and 𝜆 are defined in terms of the Young’s 














In the simulation, the property values were chosen to simulate a polypropylene and glass 
fiber composite system.  The Young’s modulus and Poisson’s ratio values were 1.3 GPa 
and 0.42 respectively for the matrix and 75 GPa and 0.22 respectively for the fibers. These 
property values were chosen to simulate a polypropylene glass fiber system. The 
macroscopic imposed strain was set equal to 0.001. 
A.2.2 Workflow 
 
Figure 21: Autocorrelations with fibers for each of the structure shown in Figure 16. The 
top three autocorrelations correspond to the three structures on the left and the bottom 
three correspond to the three structures on the right. The tick marks on the x- and y-axes 




A workflow was established to create a linkage between the fiber composite 
microstructures and the properties of these fibers.  This workflow allows for the replication 
of this work with other materials systems.  The basic steps of this workflow are a 
quantification of the microstructure with statistics, reduction of the dimensions to the most 
salient features, and regression and optimization.  Each of these steps will be explained in 
more detail in this description.  In this case study, the quantification of the microstructures 
was done using 2-point statistics[94, 95, 97-99].  2-point statistics are a set of probability 
density functions which capture the spatial distributions of local states (in this case phases) 
within the material structure and embed a large number of conventional measures typically 
employed by domain experts (including measures such as volume fraction, dominant 
orientations, average interface area per unit volume).   
In addition to capturing the salient features in a microstructure, 2-point statistics provide a 
natural origin or a point of reference to compare the microstructures. To illustrate this point, 
autocorrelations of the reinforcement phase (one set of 2-point statistics) for each structure 
found in Figure 6 are shown in Figure 7. The top autocorrelations correspond to the three 
microstructures on the left while the bottom autocorrelations correspond to the 





Figure 22: The percent variance as a function of principal components computed using 
Principal Component Analysis (PCA) on the 2-point statistics for each microstructure. 
The computation of 2-point statistics results in an extremely large feature space (with 
20402 total features as a result of the number of voxels and sets of 2-point statistics) that 
is unwieldy to create linkages between microstructures and effective properties. Therefore 
a method must be used to reduce the dimensions of the space. Principal component analysis 
(PCA) was used to reduce the feature space to a small number of microstructure descriptors 
while preserving almost all the variance in the data as shown in Figure 18. This figure 
shows that the first few principle components contain almost all of the variance and 




distribution of the 2 dominant microstructures descriptors (i.e., the first two PC scores), 
and demonstrates the remarkable efficacy of PCA in capturing the dominant variance in 
the microstructure ensemble, and in its objective classification.  The separate classes 
discernable in this plot correspond to the different choices made in the creation of the 
datasets. The example microstructures shown in Figure 1 have also been added to this 
figure to show that the separate classes shown in the PC space do in fact correspond to the 
original classes created.  The first principal component correlates largely with the volume 
fraction of the fibers, while the second principal component correlates with the length and 





Figure 23: Projection of the microstructure space onto the first two principal components 
(PC). The first PC correlates with the volume fraction of the fibers while the second PC 
correlations with the orientation and length and orientation of the fibers. 
The set of low dimensional microstructure descriptors found using PCA provides a 
significantly smaller feature space that can be used in a regression model to create a linkage 
between the fiber structures and effective properties. Previous studies have shown that 
polynomial regression using these low dimensional microstructure descriptors can 




In order to determine the number of microstructure descriptors and the order of the 
polynomial, the data was split into training and testing datasets. The training dataset was 
used for parameter selection and calibration of the linkage. The model selection was done 
by searching the feature space created by varying the degree of the polynomial from 1 to 6 
and the number of principal components from 1 to 10. For each possible combination of 
these parameters, 3-fold cross-validation was used. 3-fold cross validation randomly splits 
the training dataset into three partitions and calibrates the model with two of the partitions 
while the remaining partition is used to validate the model accuracy using mean squared 
error (MSE) as a metric. This process is repeated 3 times leaving out each partition and the 
average and standard deviation of the MSE values is recorded. 3-fold cross-validation for 
each parameter combination totaled to 180 calibrations of the model. Figure 20 shows a 
comparison of the mean and standard deviation of the MSE values. The upper plot shows 
the log of the mean and standard deviation of the MSE values and the lower plot shows the 
parameter region that has the most promising results (the range with polynomial degree 2 
to 6 and the number of principal components varying from 2 to 5). In the lower plot, the 
mean values are indicated by the points and the slightly opaque region around the points is 
the standard deviation.   A regression model with a 3rd order polynomial and 4 principal 




was used to create the linkage, but there are several value other combinations of parameters 
that would likely give similar results.   
Figure 24: Mean and standard deviation of the MSE values found using 3-fold cross-
validation as a function of the number of principal components and the degree of the 
polynomial regression model. The top plot is the log of the mean and standard deviation 
of the MSE values. The lower plot shows a subset of the parameter space with the best 
results with mean of the MSE values indicated with the points and the standard deviation 




Figure 21 shows a comparison of the effective stiffness value determined by finite element 
with those predicted by our model for both the testing and training data.  The mean percent 
error for the training and testing data were 1.74% and 1.78% respectively.  
 
Figure 25: Goodness of fit plot of effective stiffness values for both training and testing 
datasets. 
A.3 Results and Discussion 
The structure-property linkage created in this study demonstrates that an objective and 
data-driven framework can be used to predict the elastic properties for a broad variety of 
composite fiber microstructures as shown in Figure 20.  This result compares favorably 
with the current state of the art found in the literature in several ways.  Firstly, this linkage 




This linkage is able to identify and reasonably predict the properties of diverse 
microstructures without labeling of the classes.   
Secondly, the prediction error compares favorably with the error calculated from existing 
models. To demonstrate this point, the predicted values from our model along with three 
models commonly used in practice are shown in Figure 7.  Specifically, the upper and 
lower bound of the Rule of Mixtures (ROM) and the Halpin-Tsai model were used to 
Figure 26: Goodness of fit plot of showing comparison of the new model with standard 
models for predicting elastic modulus of composite materials.  Rule of Mixtures (ROM) 
and Haplin-Tsai models were applied to the microstructures and the results compared to 




predict the modulus of the microstructures.  The Halpin-Tsai model estimates the modulus 
using  Eq. 16 and Eq. 17[89]. 
 




















In these equations 𝐸𝐿 is the longitudinal elastic modulus, 𝑙 and 𝑑 are the average fiber 
length and diameter respectively, 𝑉𝑓 is the volume fraction of the fibers, and 𝐸𝑓 and 𝐸𝑚 are 
the moduli of the fibers and the matrix respectively. The Halpin-Tsai model was able to 
reasonably predict the low modulus values, but under-predicted the higher modulus values.  
This is consistent with comparisons of the Halpin-Tsai model with experiments[8].     
Another commonly used model which determines an upper and lower bound on the 
mechanical properties is the Rule of Mixtures (ROM)[8].  The upper and lower bounds of 
the ROM are applied using Eq. 18 and Eq. 19 respectively. 
 𝐸𝑐 =  𝐸𝑓𝑉𝑓 +  𝐸𝑚𝑉𝑚 (20) 
 







In these equations 𝐸𝑐 is the composite modulus, and 𝑉𝑚   is the matrix volume fraction. All 
other terms in Eq.18 and Eq.19 are the same as those in Eq. 16 and Eq. 17.  Since this is a 
two phase system, the sum of 𝑉𝑓 and 𝑉𝑚 must be equal to 1.  Figure 22 shows how the 
predictions of the Rule of Mixtures compare with the Finite Element results.  Predictably, 
Eq. 18 overestimates the modulus and Eq. 19 underestimates the modulus for all the 
microstructures. 
The results shown in Figure 22 clearly demonstrate that the model generated in this work 
is able to outperform the upper and lower bounds of the ROM and Halpin-Tsai model by 
accurately predicting the effective stiffness for a broader class of fiber composite 
microstructures. The model presented in this work clearly advances the modeling of fiber 
composites compared to the current state of modeling in the literature. 
A.4 Conclusion 
In this work a linkage which predicts the effective stiffness measures from a wide variety 
of fiber-based microstructures.  This linkage was created from data that was publicly 
available to be generated.  This appendix presented the workflow established for calibrating 
this linkage and validating it.  In addition to comparing favorably with the state of the art 
in fiber reinforcement modeling, this linkage is easily applicable to a variety of materials 
systems. Therefore, the methods presented in this paper could be used to generate models 
for a variety of other reinforcement architectures.  Creation of these new models from this 
workflow would allow an increase in the rate of material deployment by allowing the rapid 




for the streamlining of the materials selection process.  Ultimately, this process could be 
instrumental in the acceleration of materials development that has been the focus of 
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